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(i) —= +=
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ANDERSON SECONDARY SCHOOL
Preliminary Examination 2017
Secondary Four Express and Five Normal Academic

ADDITIONAL MATHEMATICS PAPER 1
MARKING SCHEME

1 A curve is such that % =5—4x-3 and 4 (7, 15) is a point on the curve.

(i) Find the equation of the curve. [2]
(ii) Find the equation of the normal to the curve at 4. [2]

Marking Scheme

. dy
i —=5—-+x-3
@ dx
) 3
y=5x—§(x—3)2+c [M1]

Whenx =7, y=15; §¢///

15 =5(7)—§(7—3)2 v

N

3
x—i(x—?))z S 0

Gradieht of normal = _% [M1]

Equation of normal : y—15= —% x-7) [A1]

or 3y=52—-x
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2 The equation of a curve is given by y = x> + 2ax + 2a — 3, where a is a constant. Show
that, for all values of a, the curve intersects the x-axis at two distinct points. [4]

Marking Scheme
At the points where the curve intersects the x-axis,

x*+2ax+2a-3=0
Discriminant = (2a)* - 4(1)(2a —3) [M1]
=4a° -8a+12
= 4(a* -2a+3)
= 4(a-1)" +2]
=4(a-1)"+8 [M1]
Since (a—1)? =0 for all real a,
4a-1)"=0 [M1]
4(a—1)" +8>0 forall a.
Since discriminant > 0 for all a,

the eqn x° +2ax +2a—3 = 0 has 2 distinct roots for all
Thus the curve intersects the x axis at two distinct poj
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3 The diagram shows the graph of y = | p—2x | + ¢, where p and ¢ are integers. A4 is the

point where the graph intersects the y-axis, and B and C are the points where it
intersects the x-axis. Point D (2, —1) is the vertex of the graph.

(@) Find the value of p and of ¢. [2]
(ii) Hence find the coordinates of 4, B and C. [4]
Y
A
A

Marking Scheme

5

Therefore B Z(%, 0] and C :(5’ Oj [A1]
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(i) Express (2 . \\//_%

(ii)  The diagram shows a triangle ABC where angle ABC = 90°, AB = (\/E - l)cm
and AC = (2 +4/3 ) cm . Using your answer to (i), find the exact value of

2
J in the form a + bv/3 where ¢ and b are integers. [3]

cos’(4 éB) without using a calculator. [3]
A
(2 +3 ) cm
(\/5 - 1) cm
B

Marking Scheme
0 (1_@2:[1_@2_@)2
2+43 2++43 2-43
= (5-343)

[M1] Use of answer in (i) - allow ecf
[A1]
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5 It is given that point 4 (8, 11) lies on the line / with equation y =2x -5, and P is the
point (1, 2).
If B is the point on / such that PBA is a right-angled triangle, find
>i) the coordinates of B, [5]
(ii)  the area of triangle PBA. [2]

Marking Scheme

Case 1: right-angle at B
(iii)

yA

!
A (8, 11)

Since B is on Line
Let coordinates of

g;/}cgﬁ@ of B=(3,1) [A1]

& %
[AltW solution]
1

Since PB is perpendicular to Line /, gradient of PB = — > [M1]

Equation of PB : y = —%x+ c
Sub in (1, 2), equation of PB :

1
y= —Ex +§ - (1) [M1] finding eqn of PB correctly
y=2x-5 - (2)
Sub (1) into (2),
1 5 .
—5x+5 =2x-5  [MA] or equivalent
x=3 [M1] solving for one of the coordinates correctly
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21



y=1
Thus the coordinates of B= (3,1) [A1]

(ii) Considering area of trapeziums formed by the 3 points and the x-axis,

Area of PB =%(2+11)(7)—%(2+1)(2)—%(1+11)(5) [M1]

= 12.5 units? [A1]
(Also accept Shoelace Mtd or Area of triangle method)

Case 2: right-angle at P

(i)

[M1] finding eqn of PB correctly

—gx+§ =2x-5  [MA] or equivalent
X = 2% , [MA1] solving for one of the coordinates correctly
_3
'S

Thus the coordinates of B = (2?, %) [A1]

(i)  Arca of PB =%(M{@) [M1]

=13 units? [A1]
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6 (i) Prove that (sin2y +2)(sin y —cos y) =2cos’ y (tan’ y —1). (4]

(ii)  Hence find the acute angle y, in degrees, such that
(sin2y +2)(sin y —cos y) = 2cos’ y. [2]

Marking Scheme
(i) (sin2y + 2)(sin y —cos )
= (2sin ycos y +2)(sin y —cos y) [M1]

= 2(sin® y cos y —sin ycos® y +sin y — cos y)

= 2[sin y(1-cos” y) —cos y(1 —sin” y)] [M1]
= 2[sin y(sin® y) — cos y(cos’ y)] [M1]
— 2[sin3 y —cos’ y]

_ 2COS3y[sin3y ~ cos3y]

cos’y cos’y

=2cos’ y (tan’ y—1)  (Proven) [A1
Alternative solution: /
RHS = 2cos’ y (tan3 y-1) /
o 0,57/
=2cos’ y ( [
cos’ y
=2sin’ y—2¢6
[M1]
[M1]
[A1]
(ii)
2¢
Since
-
—
= y=51.6° (1dp) [A1]
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The figure shows part of the graph of y = asin(bx) + ¢ . Points P, Q and R on the graph

lie on the x axis.

_______

________________________

B e TRl SETTE, PRRTE SEERE: PRt S

(i)

Marking Scheme

=-7-09272, 09272, n-09272,... [M1]
=-8.14, 1.85, 443, ..

Therefore P =(-8.14,0) , 0 =(1.85,0) and R =(4.32,0) [A3]
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8 A curve has the equation y = 4 —(3x —1)°.
1
(i) Explain why the highest point on the curve has coordinates (5, 4] . [1]

(ii)  Find the coordinates of the points at which the curve intersects the x-axis. [2]
(iii)  Sketch the graph of y = ‘4 ~(Bx— 1)2‘ : [2]
(iv)  The equation ‘4 - (3x- 1)2‘ = mx +4 has 4 distinct solutions. Using your

graph, determine the range of values of m. [2]

Marking Scheme
) Since 3x-1)*>0, —-(B3x-1*<0
= 4-(Cx-1)°<4.

Thus the maximum value of y is 4, and it occurs when x

(i) When y =0,
4—(3)(—1)2 =0
3x—-1=2 or

1,0) and (—%, Oj. [A1]

[C1] Shape of Graph

[C1] Passes through (0, 3),

1 1
(—g, OJ, (1, 0) and (5,4).

{-0 33.3, o)

(iv)  Consider intersection of curve in (ii1) with the line y =mx+4.
When m = 0, there’re 3 points of intersection. For 4 intersection points, m < 0.

Gradient of line that passes through (0, 4) and (1, 0) = —4.
Thus range of values of mis —4<m<0  [B2]

ANDSS 4E5NA Prelim 2017 Kigsddmatm aperoom Marking Scheme
25



10

9 ) Show that %(x cos’ 3x) = cos’3x —3xsin6x . [3]

(i)  Hence integrate xsin6x with respect to x. [4]

Marking Scheme

(i) %(x cos’ 3x) =cos’3x + x(2cos3x)(—sin3x)(3)  [MA1] product rule +

[M1] chain rule
= cos” 3x — 3x(2cos3xsin3x)

=cos’3x—3xsin6x  [A1] double angle formula

(ii) From (i),

(cos® 3x —3xsin 6x) dx = xcos’ 3x+c, [M1] reyge of Ngferegdiation
cos’ 3x dx—j3xsin6x dx = x o 3x 1//

xcos]2 x+c¢, [M ouble angle

N
» @ formula

[MA1] correct integration

@ c [A1]
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11

10 (>i) Sketch the parabola y* = 2x. [2]
(ii)  The curve y* =2x intersects the straight line y = 3x —1 at the points 4 and
B. Find the coordinates of the midpoint of AB. [6]

Marking Scheme

®

i) y=3x-1 —(1)

yvi=2x -2
From (1), x:yTH

Sub into (2):

+1_4—\/7
3 9

4+\/7’ 1+\/7j and [4—\/7, 1—\/7) [M1]
9 3 9 3

Coordinates of 4 and B are {

4+ﬁ+4—ﬁ 1+ﬁ+1—ﬁ

Midpoint of 4B = 9 9 , 3 3 [M1]
2 2
41
= (5, 5] [A1] (Only exact answer accepted)
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12

4x° +45x* +126x+16 . : .
5 in partial fractions. [5]
2x-D(x+5)

11 (i) Express

(ii) Hence show that
2
4x3 +45x2 +126x+16 83 In27 . (49
=—+ +1In| —|. (4]

;W=
L Qx—D(x+5) 4z 2 36

Marking Scheme
@) By long division,
4x° +45x° +126x +16
Q2x=1)(x+5)°

2
46x
oy Tx™ + 6x+6? [B1] quotient of 2 + [M1] prg @ ction
2x=1)(x+5)
A B C
=2+ + +
2x—1 x+5 (x+5)°

s n 2
2x—-1 x+5 (x+9)

[Alternative Solution
By inspection / obsexvation;
4x° + 45x2€‘1\\26,y\+ 16

~ 13’
[B1] qud
1 rou

MI1] correct general form of partial frac

ﬁ 5%+ BQ2x-D)(x+5)+C2x—1) [M1]

By subgtiidting suitable values of x, 4=3, B=2and C =-1.
4x° +45x% +126x+16 3 2 1
2x -1(x +5) 2x—1 x+5 (x+5)
[A2] (-1 if 1-2 mistakes in 4, B, C values)

Therefore
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13

. 2 4% +45x2 +126x+16
(ii) 5 dx
1 2x—1)(x +5)

2
:'[ 2+3+2— lzdx
. 2x—-1 x+5 (x+5)
2

= 2x+%1n(2x—1) +2In(x +5) +LJ [MA1] for In terms + [M1] for
X+
- 1

x+5

3 1 3 1
=4+ B In(3)+21n(7) + 7} - {2 + B In(1) + 2 In(6) + g} [M1] subn of limits

:ﬁ+éln(3)+ln49—ln36
42 2

= % + 1r1227 + ln(§] (Shown) [A1] for correct ap @ aws of log
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12

14

A lifeguard at a beach resort is stationed at point G along the coastline, as shown in the
diagram below. When he detects a swimmer who needs help at a point S, he would run
along the coastline over a distance of x m to a point /, and then swim in a straight line,

HS, towards the swimmer. The lifeguard runs at a speed of 4 m/s and swims at a speed
of 2 m/s.

A swimmer in distress is detected at a position that is 40 m away from the coastline,
and the foot of perpendicular from the swimmer to the coastline is at a distance of 60 m
away from the lifeguard.

S (swimmer)
[}

5 2]

(ii) Find, in terms of x, {
swimmer.

ime e e lifeguard to reach the
@
. Q [2]
at k@% d would be able to reach the swimmer

[4]

=/1600+ (60— x)> m [M1]
Time taken by the lifeguard to swim from H to S
_ Distance Travelled \/ 1600 + (60 — x)*
- Speed - 2

s. [A1]

Dist Travelled
(ii) Time taken to travel from G to H = ISHafee Jravered _ X seconds

Speed

, J1600 + (60— x)*  x
Total time, 7'= 5 +Z seconds [B1]
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15

@iy - 260-0ch 1
dx  4./1600+(60-x)° 4
dr _ x— 60 + 1 [B2]
dx  2./1600+(60—x)° 4

. . T
(iv)  When T 'is stationary, Z’— =0.
X
x—60 1
+

~=0 [M1]
2,/1600 + (60— x)> 4
X — 60 1

21600 + (60— x)* 4
—2x+120 = /1600 + (60 — x)?
(2x —120)* =1600 + (60 — x)’
3x2 = 360x + 9200 =0 [M1]
360 % 4/360% — 4(3)(9200)
6

360 £ /19200

x — _—
6
x=369 or 83 j Mot be largeru 60.) [M1]

First derivative test: v
@. 36.9"

X =

Qe \ NG

N

f il
z S Negatie 0 Positive
dx
( P ﬁ\ ) /
Thus\#\a36.9 gives the min time taken to reach the swimmer. [A1]
End of Marking Scheme
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Secondary 4ESN

Preliminary Examination 2017
ADDITIONAL MATHEMATICS
Answer Keys for Paper 2

1 (i) p:—§0r2

(i) 8
2 (i) Proof

57 Tz l1lrx

676 6

3 3

.e v
ii xX=—,
(ii) 5

3 i) aB=2

(i) a+fB=-4
(i) a-B=—+8 /
(x+4)(x+2\/5)=0 "'/é”u
A
t

4 (i) Use corresponding /s C A s in alte seg
(ii)  Use the result of (i %
P

(iii)y UseZsin tefa e.Se e @

// BC AND /s in alternate

seg

e
iii — — units/s
(iii) >R

6 i  Q2x+1)x+2)x-2)

) (Qx+1)¥+1)=0
Since x* +1>0, 2x+1=0.

.. The equation has only one solution i.e. x = —%.

(i) k<8—

7
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10

(b)

11

@) x-coordinates of 4 and B are 2 and 1 respectively.
(ii) 1 units’
2

(ili)  The curve x =3)”> —8y + 6is a reflection (or mirror image) of the curve
y=3x"—8x+6in the line y =x. ..the area bounded by the curve

. . |
x =3y -8y +6and the line y = xis also Eunltsz.

(i  -8/3cmss
.. T
(ll) t - 2 )

(iii) 18.3cm

1
i =——x+3
() y=-3

(i) Equation of AG is y = —éx ——

2
Coordinates of G = (~5,4)
(i) x*+y*+10x— 8y
i Coordinates of H =

(i) lgV =(1ga) +1g7,
: 1 2 3 4
lgV 491 436 482 477

(ii) a=0.900 (3sf), ¥, =90100(3sf) . Mr Lee paid $90100 for the car.
(iii)  $53200

8
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Secondary 4ESN
Preliminary Examination 2017

ADDITIONAL MATHEMATICS
Paper 2 Marking Scheme

1 1) (1-2x)(1+ px) :(l—4x+4x2)(l+7px+2lp2x2+ ......... ) [M1]
Coefficient of x°=32
21p° —28p+4=32 [M1]
21p° —28p—-28=0
3p*—4p—-4=0 [M1]
Bp+2)p-2)=0

2
P =—§or2 [A1]

(ii) Since coefficient of x”in (1 - 2x)2 (1 + px)is 32,

7 2
Coefficient of x?in (1 - x)z(l + %) = (1) x3

2 @) sin 3x = sin(2x + x),
=sin 2xcos x A

L

2
When sinx=0, x=r [A1]

5

When sinx:l,xzzor—ﬂ. [A1]

2 6
When sinx:——,x=7_ﬂorﬁ. [A1]

2 6 6

x:%, %,ﬁ,% or% (accept x =0.524, 2.62,3.14,3.67 or 5.76)

1
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3

x*=12x-4

x*—12x+4=0

i o’p’=4 [MI]
of ==+2
Since a <0& B <0,a > 0.
0c[3=£ [A1]

(i) o’+p’=6 [M1]

(iii)

(iii)

(0 +B) —2ap =12
(a+B) =12+2(2)

=16 [M1]
a+pB==4

Since a<0,3<0, a+p<0,

.'.OL+B=—4 [A1]

(—B) =0’ +p* —2ap

=12-2(2) /

Since o<, a—p<0 )
sa—P=—/8

ZBAP = ZBDP ( Zs in the same segment) [M1]
= /DBC (alternate Zs, PD // BC) [M1]
/ZBAP = ZBCD ( £ s in alternate segment) [M1]

Since ZDBC = ZBCD ,
..DB=DC

[A1]

2
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_1+2x

y 3x
e
0 Yo e (2)-(1 sz)(3e“) [M1]
dx e

_2-3-6x
- eBx _ _ 1
B 6x+1 (ALl (accept )
- e3x

(ii) For y to be decreasing, 4 <0.

_6x+1<0 [Ml]

3x

Since €’* >0, [M1]

—(6x+1)<0.
1
X > —g [Al]
(iii)
9]

<
28
ge is — < units/s )
28

CCPL I,

3
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(i) f(x)=2x"+x"-8x—4
=x’(2x+1)-4Q2x+1) [M1]

= (2x+1)x*-4) [M1]
= 2x+1)x+2)x-2) [A1]
Alternatively,

f(x)=2x"+x"—8x—4
£f(2)=2(2) +2° -8(2)—4
=0
- x—2 isafactor of f(x). [MI1]
Let 2:° +x* —8x —4 = (x - 2)(2x" + hx +2)
Coefficient of x = — 8.
2-2h=-8

h=5

‘2x3+x2—8x—4:(x—2)(2x2+5x+2) [M1]
a =(v-2)x+2)2x+1)
_-,f(x):(x—Z)(x+2)(2x+1) [A1]

Gi)  £(x)+10x+5=0 //
X*(2x+1)-42x+1)+52x+1) = ¢ IMY
% '&,/

2x+1)x*+1)=0
Since x* +1>0, 2x+

.. The equation has

d tﬁalue isx= —%. [A1]

(iii)

Sinc rve has two stationary points, the equation has real and distinct
roots. Discriminant > 0.

2> —4(6)(-8+k)>0 [M1]

k—8<l
6

1
k<8— Al
G [A1]

4
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(i) y=3x"—8x+6...c........ (1)

D RN (2)
3x° —8x+6=x

3x* = 9x+6=0

¥ =3x+2=0 [M1]
(x-1)x-2)=0

x=1lor2 [A1]

x-coordinates of 4 and B are 2 and 1 respectively. [Al]

(ii) Area of the region bounded by the curve y =3x” —8x+ 6 and the line y = x
is flzx - (3)62 —8x+ 6) dx [M1]
9x’ —lz
{—x%— —6x [M1]
2 it

=—8+18—12—(—1+%—6j

.,
= —units [Al]

iii The curve x =3y* =8y + 61s a refleeti curve
) y L

y =3x> —8x+ 6 in the line arefiunde

x=3y>—8y+6and , (1m for the description

d 1m for correct answer)

- 0sinZ —6cos” M1
3 6

=-5J3-343

— 83 [A1] (Do not give the A1 here if they give 13.9)

When ¢ = %, velocity of P is —8/3 cmy/s

5
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(ii) When P is instantaneously at rest, ax =0.

dt

—10sin2¢t —6c¢cost =0
5(2sintcost)+3cost =0 [M1]
cos#(10sinz +3)=0
cost =0orsint = = [M1]

10

. . 3

Since 0<¢< 7, sint # 10 [M1]

Whencost=0,7=

(SN

[A1]

(iii) When =0,
x=5 [M] ]

When ¢ = Z,
2
X =5c0s 7 —6sin
2
=11 [M1] //
When ¢ =2, /
X = 5c0s4—6sin2 ’t,’/
— —8.7240 M
Distance travelled in i conds)=) 5—(—11) 8.§240 — (—11)cm
18276 cm
cm (3sf) [Al]
Alternatively, they can use\i i0 @

~ 5%
:—(50057[—6sin + $6sin0j+(5cos4—6sin2—5c0s7r+6sinZj

=27+5c0s4—6sin2
=18.276 cm

6
KiasuExamPaper.com

39



(i) A(-3,1), B(-2,6).

Gradient of 4B =

_ (_é lj
272 [M1]

7
Y- E 1
Equation of perpendicular bisector of AB is 5= %
X+ E 5

i =— +3
1.€. y= SX [Al]

(i) Gradient of the line 2x—-3y+9=0is % )

Gradient of AG is — E . [M1]

2

1 3

Equation of AG is ——=——
3
1.e. y——zx—— [M1]
Since G is the inter f the perpe cular bisec f AB and the line
segment AG,
=

gordinaftes % -4) [A1]

+9

13 units [M1]
Equation of the circle C, is (x + 5)2 + (y - 4)2 =13 [A1]

(i) 4

ie. X’ +*+10x—-8y+28=0

(iv)  Let coordinates of H be (a,b).
(—5+a’ﬂ):(_3,1) [M1]
2 2
a=-1,b=-2
Coordinates of H = (—1,-2). [A1]

) Equation of circle C,is (x + 1)2 + (y +2f =13 [A1]
ie. X’ +y*+2x+4y—-8=0

7
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10 (a) (>i) Vv3—-e*+1—ke*=0
V3—e' +1=ke*

If k<0, ke* <0. [M1]

But v3—-¢' >0, v3—-e"+1>0 [M1]
.‘.m+1¢ke",i.e.\/g+l—ke"¢0 [M1]
.'.m+l—ke":0 has no solution.
3—\/g=ex

3—e":m

9—6e*+(e")2=3—e"

(ex)z -5¢"+6=0  [M1]

(e'\' —3Xe*’ —2): 0

e"=3or2 [M1]
x=In3orln2 [A1]

M ) m(“szbt

1—-x

Whent=0,x=%. ©' é

(ii)

b=1In2 [A1]
sLa=4,b=In2

1—x

(ﬂj _o M1

(i) h{iﬁLJ=rm2

1-x
4x=2'(1-x)
x(4+2)=2

o
T4 Al

8
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11 G

V=Va'
lgV =1gV, +1ga’
gV = (lga)t +1gV, [M1]

t 1 2 3

4

gV 491 4.86 4.82

4.77

Graph of 1gV against 1. e All points correctly plotted [M1]
e Line cutting the vertical axis [M1]

Table [M1]

(iii)

Vo =90100(3st)  [A1]

Mr Lee paid $90100 for the car. [A1]

Value of car on 1% January 2018 = $90157(0.900)°
=§$53236

=$53200(3sh)  [Al]

End of Paper

9
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